We claim that there is a one to one correspondence between NAdS 2 spacetimes and dilatonic AdS 2 black holes. We show that these have the same thermodynamics and can be described by the same states of 1D CFTs with the same central charge.
Introduction
Two dimensional dilatonic gravity with a negative cosmological constant is an interesting toy model of quantum gravity. This is mainly due to the existence of dilatonic AdS 2 black hole solutions with nonzero temperature and entropy [1] . Recently new solutions of the same theory, including the Gibbons-Hawking boundary term, were discovered. These are near AdS 2 (NAdS 2 ) spacetimes which basically describe the deformations the AdS 2 boundary [2] . Just like the black holes, NAdS 2 spacetimes are thermal with nonvanishing temperature and entropy. Naively, these two sets of solutions seem different since they have different metrics with different boundaries. In this paper, we show that there is a one to one correspondence between dilatonic AdS 2 black holes and NAdS 2 spacetimes. Moreover, we show that, after a field redefinition in the 1D boundary theory, the deformations of the AdS 2 boundary (as a function of boundary time) described by NAdS 2 spacetimes are exactly the same as the conformal factor (as a function of the bulk radial coordinate) of the AdS 2 black hole metric. Thus both sets of solutions are defined by the same function.
The AdS/CFT duality [3] requires that bulk AdS 2 solutions such as black holes be dual to states in the 1D boundary CFT. In this paper, we claim that NAdS 2 spacetimes, which describe deformations of the boundary, are these boundary states. As stated above, both AdS 2 black holes and NAdS 2 spacetimes are thermal solutions, i.e. they have nonzero temperature and entropy. It is easy to show that, with a proper choice of the asymptotic boundary value of the dilaton, both sets of solutions have the same equation of state, S(M) and therefore the same thermodynamics. This implies that there is a one to one correspondence between these two sets of solutions.
Further support for this correspondence comes from the fact that both AdS 2 black holes and NAdS 2 spacetimes can be described as states with the same conformal weights in 1D CFTs with the same central charge. Even though the details of the 1D boundary CFT dual to AdS 2 is not known, its central charge can be de-duced from the asymptotic symmetry of the metric [1] . The conformal weight of a state that corresponds to a black hole is fixed by its mass. Using these, the Cardy formula reproduces the correct black hole entropy. On the other hand, NAdS 2 spacetimes are described by the Schwarzian action [2] . In refs. [4] , it was shown that a 1D CFT can be described in terms of the pseudo Goldstone bosons(PGBs) of conformal symmetry with the same action. In this case, the central charge of the CFT and the conformal weight of the state are fixed by the coefficient of the Schwarzian action and the mass of the NAdS 2 spacetime respectively. The central charges and conformal weights of both sets of solutions match as required from a one to one correspondence.
Finally, we show that AdS 2 black holes and NAdS 2 spacetimes are not only in a one to one correspondence with each other but are actually the same set of solutions in the following sense. In the conformal gauge, the AdS 2 black hole metric is defined by a single function, i.e. the conformal factor which is only a function of the radial bulk coordinate. On the other hand, NAdS 2 spacetimes, which are whereas AdS 2 black holes are solutions of the latter. Thus, the same procedure takes each deformation of the AdS 2 boundary described by an NAdS 2 spacetime (with a T ) into the conformal factor of a dilatonic AdS 2 black hole (with the same T ). We find that both sets of solutions are described by the same function.
The AdS/CFT duality implies that the AdS 2 black holes are dual to states in the 1D boundary CFT. The nature of this boundary theory is not well known; possible candidates include a 2D chiral CFT [5] , conformal QM [6] and DCLQ limit of a 2D CFT [7] . The one to one correspondence between AdS 2 black holes and NAdS 2 spacetimes, which are simply deformations of the AdS 2 boundary, leads us to conjecture that the latter are holographically dual to the former. If this is correct, then the 1D boundary CFT is described by the Schwarzian action. The fact that the AdS/CFT dual bulk and boundary states, i.e. AdS 2 black holes and NAdS 2 spacetimes are actually the same set of solutions, in the sense described above, is unique to 2D. This paper is organized as follows. In the next section, we briefly review 2D dilatonic AdS 2 black holes and NAdS 2 spacetimes. In section 3, we show that these two sets of solutions have the same thermodynamics. In section 4, we show that both the AdS 2 black holes and NAdS 2 spacetimes can be described as states with the same conformal weight in 1D CFTs with the same central charge. In section 5, we show that AdS 2 black holes and NADS 2 spacetimes are actually the same set of solutions. Section 6 contains a discussion of our results and our conclusions.
AdS 2 Black Holes and NAdS 2 Spacetimes
In this section, we review dilatonic AdS 2 black holes and NAdS 2 spacetimes which we explore in the following. Both arise from the 2D gravitational action with a negative cosmological constant including the Gibbons-Hawking boundary term [9] . The black hole solutions are obtained from the bulk action without the boundary term. On the other hand, NAdS 2 spacetimes are deformations of the boundary that naturally arise from the boundary term. These have different metrics and boundaries and therefore, naively, appear to be two different sets of solutions. However, as we will show in this paper, they are in a one to one correspondence and in fact are defined by the same function.
We begin with the dilatonic AdS 2 gravity with the (Euclidean) action
where φ is the dilaton field and the cosmological constant is given by Λ = −2/ℓ 2 .
In eq. (1) we neglected the boundary term since we are interested in the bulk solutions. This is the Jackiw-Teitelboim (JT) theory [8] and has dilatonic black holes with the metric [11] 
and the linear dilaton profile φ = φ 0 r/ℓ. Here M is the black hole mass and φ 0 fixes the two-dimensional Newton constant by φ 0 = 1/8πG 2 . The black hole horizon is at r h = (2Mℓ 3 /φ 0 ) 1/2 . We can also write the black hole metric in the conformal gauge as
where ρ(x 1 ) is the conformal factor and µ = 4πG 2 M/ℓ = r h /2ℓ 2 . In these coordinates, the dilaton solution becomes φ(x 1 ) = µℓcoth(µx 1 ).
There are two special cases of the black holes in eq. (2). First, in the M = 0 limit, the black hole reduces to the Poincare patch of AdS 2 . Second, the black hole with M = −16πG 2 /ℓ corresponds to global AdS 2 spacetime. Solutions with −16πG 2 /ℓ < M < 0 are not physical since they lead to naked singularities.
In order to describe NAdS 2 spacetimes, which are deformations of the AdS 2 boundary, we need to add the Gibbons-Hawking boundary term [9] to the action in eq. (1). The action can then be written as I = I ext + I nonext where the extremal and nonextremal parts are[2,10]
and
The one-dimensional boundary of AdS 2 is parametrized by the Euclidean boundary time u. Here φ b is the value of the dilaton at the boundary. The extremal action in eq. (4) is topological (equal to 4π) and not relevant for our purposes.
Unlike the black hole case above, we can now impose the dilaton equation of motion, i.e. R = −2/ℓ 2 which fixes spacetime to be AdS 2 . Therefore, the first term in eq. (5) vanishes and we are left with the boundary action. In ref. [2] , it was shown that, when the bulk coordinates of the Poincare patch of AdS 2 , t(u), z(u) are considered to be functions of the boundary time u, the boundary action in eq.
(5) can be written as
where the Schwarzian derivative is given by
and prime denotes a derivative with respect to u. φ r (u) = ǫφ b (u) is the normalized (finite) value of the dilaton at the boundary, ǫ → 0. The Schwarzian action describes the physics of t(u) which are the PGBs of the conformal symmetry which is spontaneously broken down to SL(2, R). Thus, it is SL(2, R) invariant and its solutions that are related by SL(2, R) transformations to each other are equivalent.
We will use this freedom to write our NAdS 2 solutions in forms that are useful for our purposes. Each solution t(u) (up to SL(2, R) transformations) corresponds to a different deformation of the AdS 2 boundary. With the reparametrization t(u) = cot(τ /2) the action for τ becomes
Above we used the fact that φ r (u) can be set to any constant valueφ r by reparametrizing the boundary time u as dū =φ r du/φ r (u). With an abuse of notation we discard all bars from u and φ in eq. (8) and the following.
The solution to the equation of motion for τ (u) [2] ,
is τ (u) = αu (up to an irrelevant additive constant) where α is a constant. The AdS 2 boundary (in Poincare coordinates) which is at z = 0 before the deformation is given by z(u) = t ′ (u) in the NAdS 2 spacetime. If we set α = 2πT and thus t = cot(πT u) we obtain the thermal solution with nonzero entropy. As we will
show below, this corresponds to the AdS 2 black hole solution. This is the same solution given in ref. [2] , i.e. t = tan(πT u), and is related to it by the SL(2, R)
transformation t → −1/t and t → −t which are symmetries of the Schwarzian action. As a result, both t = cot(πT u) and t = tan(πT u) have the same mass and entropy (see eqs. (12) and (13) below) as expected. The two other NAdS 2 solutions we will be interested in are t = 1/u and t = cot(−iu/ℓ) which, as we will show below, correspond to the Poincare patch and global AdS 2 respectively.
It is not clear whether these solutions result in unitary theories on the boundary.
Nevertheless, we will consider them since their masses and entropies match their respective bulk solutions.
Thermodynamics of AdS 2 Black Holes and NAdS 2 Spacetimes
Above, we reviewed two sets of solutions of the action eq. (5) namely dilatonic 
or in terms of T BH we have
The mass of the NAdS 2 solution with t = cot(πT u) is[2,10]
The entropy of the the NAdS 2 spacetime can be obtained by setting logZ = −I(τ ) = 2π 2 φ r /β and using the standard formula[2]
We see that the mass and entropy of the NAdS 2 solution in eqs, (12) and (13) agree with those for AdS 2 black holes in eq. (11) if we set the normalized boundary value of the dilaton as φ r = ℓ/8πG 2 . This shows that both AdS 2 black holes and Using eq. (12) we get the mass of this solution to be M = −16πG 2 /ℓ as expected.
AdS 2 Black Holes and NAdS 2 as the Same States of a 1D CFT
Further evidence for the one to one correspondence between AdS 2 black holes and NAdS 2 spacetimes comes from the fact that both sets of solutions can be described as states with the same conformal weights of 1D CFTs with the same central charge. This means that for every dilatonic AdS 2 black hole there is a corresponding NAdS 2 spacetime with exactly the same properties.
It is well-known that, as a result of the AdS/CFT duality [3] , AdS 2 black holes can be described as states of a 1D boundary CFT. The details of the boundary CFT are not known but chiral 2D CFTs [5] , conformal QM [6] , DLCQ CFTs [7] have been considered in the literature. (In fact, our results indicate that the boundary theory is a 1D CFT described by the Schwarzian action.) The central charge of the CFT can be computed from the asymptotic symmetry of the AdS 2 black hole metric to be c = 3/2πG 2 [11] . The conformal weight of the state that describes a black hole is fixed by its mass as L 0 = M BH ℓ = r 2 h /16πG 2 ℓ 2 . The Cardy formula then gives the correct black hole entropy [11] .
NAdS 2 spacetimes, on the other hand, are described by the Schwarzian action in eq. (6). In ref. [4] it was argued that this action is precisely the description of 
where the second term proportional to the central charge is the anomaly. From eq. (14) it is easy to see that there is no anomaly for L 0 , L ±1 . Thus, the full conformal symmetry is anomalously broken down to the global conformal symmetry or SL(2, R). Due to the spontaneous and anomalous breaking of the conformal symmetry, at low energies, the CFT is described by the PGBs whose action is invariant under the unbroken SL(2, R).
The PGBs of conformal symmetry can be described by the reparametrizations which realize the conformal transformations nonlinearly, i.e. t E − x = u → ξ(u).
Note that u is periodic, u ∼ u + β. The spatial direction x may or may not be compact as long as its period is >> β, i.e. the CFT is at a high temperature. The energy-momentum tensor for ξ(u) is
From this we can deduce the PGB action[4]
Any rescaling of a solution to the equation of motion (see eq. (9)) is also a solution.
We can use this freedom to normalize the kinetic term so that the action now becomes
which is exactly the action for NAdS 2 spacetime given by eq. (8).
There is a subtlety that arises when we want to compare the dimensionful This does not necessarily mean that the CFTs are the same but it is enough to establish the one to one correspondence between dilatonic AdS 2 black holes and NAdS 2 spacetimes. On the other hand, if the CFTs are the same, our results provide strong evidence for the duality between AdS 2 and the 1D boundary CFT described by the Schwarzian action..
The Schwarzian Theory and AdS 2 Black Holes
We found that, as expected from the AdS/CFT duality, the solutions to the Schwarzian action, namely NAdS 2 spacetimes are in one to one correspondence with dilatonic AdS 2 black holes. However, in 2D, the bulk and boundary solutions are not only dual to each other but are actually the same in the following sense. 
where λ is a Lagrange multiplier which enforces the transformation between ρ and t as a constraint. The equation of motion for t simply gives a constant λ. The equation of motion for ρ is
which is exactly the time independent part of the (Euclidean) 2D Einstein equation with negative cosmological constant, Λ < 0, written in the conformal gauge
Thus, we see that the field e ρ is exactly the conformal factor of the 2D metric.
We now realize that we need to switch to Lorentzian boundary and bulk times where λ > 0 for in order to get the AdS 2 spacetime. λ is a free parameter but if we want to identify NAdS 2 solutions with dilatonic AdS 2 black holes of the same temperature, we need to choose 8πG 2 λ = 2/ℓ 2 . This guarantees that the cosmological constants in eqs. (1) and (19) match. Now for eqs. (19) and (20) to match we need to identify the Lorentzian boundary time with the radial bulk coordinate, i.e. u L = −iu = x 1 . This establishes that every solution to the 2D Einstein equation is also a solution of the Schwarzian theory. More precisely, the equation that describes the deformations of the AdS 2 boundary is exactly the time independent part of 2D Einstein equation with Λ < 0. As we will show below, the deformation of the AdS 2 boundary fixed by z(u L ) = t ′ (u L ) is exactly the conformal factor, e ρ(x1) , that corresponds to the metric of dilatonic AdS 2 black holes.
Consider the thermal NAdS 2 solution with t L = −αcoth(πT u) where we included a factor α in front which is allowed due to SL(2) invariance of the Schwarzian action. We can always assume that α = πT ℓ 2 where Λ = −2/ℓ 2 and thus t L = −πT ℓ 2 coth(πT u). The conformal factor arising from t L (u L ), which is a solution to eq. (19) by construction, is given by
.
This is exactly the conformal factor for the AdS 2 black hole metric given in eq.
(3) where we used πT BH = µ. This establishes the equivalence between dilatonic AdS 2 black holes with M BH , T BH given by eq. (10) and NAdS 2 spacetimes with the same M and T .
Since the location of the NAdS 2 boundary and the conformal factor are given by z = ǫt ′ L and e ρ = t ′ L respectively, we found that they are identical (up to a constant ǫ << 1 and with the identification u L = x 1 ). We see that the deformations of the AdS 2 boundary as a function of Lorentzian boundary time are described by the the same function that gives the conformal factor of the AdS 2 black hole metric in terms of the radial bulk dimension. The (near) boundary region of the black hole metric (at x 1 = 0) or very small Lorentzian boundary times correspond to very large deformations of the AdS 2 boundary. On the other hand, the black hole horizon at x 1 → ∞ or large Lorentzian boundary times correspond to very small deformations.
Moreover, the dilaton profile φ(x 1 ) = µℓcoth(µx 1 ) is exactly |t(u L )| (up to a rescaling by ℓ to make dimensions match). The relation between the conformal factor (t ′ L ) and the dilaton (|t L |) is a direct result of the dilaton equation of motion in 2D dilatonic gravity in the conformal gauge, i.e. (e −ρ φ ′ ) ′ = 0. This shows that the conformal factor is the derivative of the dilaton up to a multiplicative constant as above. Thus, it seems that the solution of Schwarzian theory has all the information necessary to reproduce 2D dilatonic black holes. This result should be contrasted with the holographic description of AdS black holes in higher dimensions. In the two best understood cases, i.e. BTZ black holes as states of a 2D CFT [13] on S 1 and AdS 5 black holes as thermal states of 4D SYM theory on S 1 × S 3 [14] ,the boundary solutions are clearly not the same as the bulk ones. Moreover, there is no clear, direct way to obtain the black hole metrics from the CFT states. For example, the thermal SYM solution on S 1 × S 3 does not become the AdS 5 black hole metric after identifying the boundary time direction with the holographic radial direction. The equivalence of the bulk and boundary solutions seems to be unique to 2D dilatonic gravity. Its crucial property, for our purposes, is the fact that the metric, i.e. the conformal factor, and the boundary solution are determined by a single function of one variable.
The same arguments apply also to the Poincare patch and global AdS 2 . Consider the NAdS 2 solution that corresponds to the Poincare patch, i.e. t = ℓ 2 /u or t L = −ℓ 2 /u L . The conformal factor arising from this is e ρ = ℓ 2 /u 2 = ℓ 2 /x 2 1 . which is the correct conformal factor of the Poincare patch. For global AdS 2 , the NAdS 2 solution is t = ℓcot(−iu/ℓ) or t L = −cot(u L /ℓ) which leads to e ρ = 1/sin 2 (x 1 /ℓ) which matches the conformal factor of global AdS 2 .
AdS 2 black holes, the Poincare patch and global AdS 2 constitute all the time independent solutions of the 2D Einstein equation with a negative cosmological constant. We saw that these are also the solutions of the boundary theory described by the Schwarzian action. However, the most general solutions to eq. (20) are time dependent. In the conformal gauge, these are given by the conformal factor [15] 
where x ± = x 0 ± x 1 and f (x + ) and g(x − ) are two arbitrary functions that describe the conformal transformations for the right and left movers. It is clear that the 1D boundary theory described by the Schwarzian action cannot have eq. (22) as a solution since the former depends on one parameter (u or x 1 ) whereas the latter depends on two parameters (x ± ). However, by the AdS/CFT duality there must be states in the boundary Schwarzian theory that are dual to the solution in eq. (22) . In fact, generating an extra bulk dimension by strong interactions is one of the the magical aspects of the AdS/CFT duality. It would be very interesting to identify the states of the Schwarzian theory that correspond to the solutions in eq. (20). The existence of such states would be further evidence for the duality between AdS 2 and the Schwarzian theory.
Conclusions and Discussion
In this paper, we claimed that there is a one to one correspondence between NAdS 2 spacetimes and dilatonic AdS 2 black holes. First, we showed that the thermodynamics of the two sets of solutions are the same. Second, we showed that both can be described as states with the same conformal weights in 1D CFTs with the same central charge. These two results establish the one to one correspondence between the two sets of solutions which naively seem very different. Moreover, we showed that NAdS 2 spacetimes and dilatonic AdS 2 black holes are actually the same set of solutions in the following sense. By a field reparametrization, the NAdS 2 spacetimes are crucial for computing near extremal black hole entropy [2] . Our results mean that the same is true for AdS 2 black holes. More specifically, the nonextremal part of the entropy of a near extremal black hole is given by AdS 2 black holes exactly the same way it is by NAdS 2 spacetimes. On the other hand, near extremal black hole entropy can also be counted in the near horizon Rindler space in terms of a horizon CFT [16, 17] . It seems that these two descriptions are related. In fact, Rindler space and AdS 2 black holes are related by a coordinate transformation (up to a conformal factor) [18] . Moreover, they can both be described by a 1D CFT or the Schwarzian action [19] . It seems that a better understanding of black hole entropy requires clarifying these relationships between AdS 2 black holes, Rindler space, 1D CFTs and the Schwarzian theory.
We found that the Schwarzian theory is also described by the action in eq.
(18) which is basically the Liouville action (giving rise to the Liouville equation in eq. (19)) [20] . In ref. [19] , it was shown that generic nonextremal black holes can be described by the Schwarzian theory. Our results indicate that they are also described by Liouville theory. It is interesting to note that Liouville theory also arises in the near horizon decription of nonextremal black holes [21, 22] . The solutions in both cases seem to be related which is not surprising since these are two different descriptions of Rindler space.
As mentioned above, our results crucially depend on the unique properties of 2D gravity. Thus, we do not expect similar results in higher dimensions. However the D = 3 case, i.e. the AdS 3 /CF T 2 duality seems to be a special case. It is well-known that BTZ black holes can be described by states of the boundary CFT that lives on a circle [23] . This CFT is a sum of two chiral CFTs each of which can be described by the Schwarzian action. Thus, the boundary states that describes BTZ black holes correspond to two copies of the thermal solution to the Schwarzian action [24] . Whether the identification of the boundary CFT as a product of two Schwarzian theories leads to more insight into BTZ black holes remains an open question.
